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POLY-FREENESS OF ARTIN GROUPS AND THE FARRELL–JONES
CONJECTURE
XIAOLEI WU
Abstract. We give two simple proofs of the fact that any even Artin groups of FC-type are
poly-free which was recently established by R. Blasco-Garcia, C. Martı´nez-Pe´rez and L.
Paris. More generally, let Γ be a finite simplicial graph with all edges labelled by positive
even integers and AΓ be its associated Artin group, our new proof implies that if AT is
poly-free (resp. normally poly-free) for every clique T in Γ, then AΓ is poly-free (resp.
normally poly-free). We also prove similar results regarding the Farrell–Jones Conjecture
for Artin groups. In particular, we show that if AΓ is an even Artin group such that each
clique in Γ either has at most 3 vertices, has all of its labels at least 6, or is the join of
these two types of cliques (the edges connecting the cliques are all labelled by 2), then AΓ
satisfies the Farrell–Jones Conjecture. We also have some results for general Artin groups.
Introduction
Recently, there has been a growing interest in studying even Artin groups, see for exam-
ple [5, 6, 7]. In particular, R. Blasco-Garcia, C. Martı´nez-Pe´rez and L. Paris proved in [6]
that even Artin groups of FC-type are normally poly-free. Part of the goal of this note is to
give two short proofs of their result. Recall that a groupG is called poly-free if it admits a
chain of subgroups 1 = G0 ✂G1 ✂ · · ·✂Gn−1 ✂Gn = G, such thatGi/Gi−1 is a free group
of possibly infinite rank. It is called normally poly-free if each Gi is further required to be
normal in G. The minimal such n is called the poly-free (resp. normally poly-free) length
of G. Our first theorem can be stated as follows.
Theorem A. Let Γ be a finite simplicial graph with all edges labelled by positive even
integers and AΓ be its associated Artin group. If AΓ is of FC-type, then it is normally poly-
free. In general if AT is poly-free (resp. normally poly-free) for every clique T in Γ, then
AΓ is poly-free (resp. normally poly-free).
The second part of Theorem A is already new. In [3, Question 2] and the discussions
below it, Bestvina asks whether all Artin groups are virtually poly-free. In light of The-
orem A, one might not need to pass to a finite index subgroup in the case of even Artin
groups although our reduction does also work for virtually poly-freeness (see Remark 2.9).
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Note that poly-free groups have many nice properties, for example, they are torsion-free,
locally indicable, have finite asymptotic dimension (one can prove this via induction using
[2, Theorem 63]) and satisfy the Baum–Connes Conjecture with coefficients [10, Remark
2]. Furthermore, based on the work of Bestvina–Fujiwara–Wigglesworth [4], Benjamin
Bru¨ck, Dawid Kielak and the author showed that normally poly-free groups satisfy the
Farrell–Jones Conjecture [10, Theorem A]. Our proof uses Bass-Serre theory. The proof
also implies the following.
Theorem B. Let Γ be a finite simplicial graph with all edges labelled by positive even
integers and AΓ be its associated Artin group. If AT satisfies the Farrell–Jones Conjecture
for every clique T in Γ, then AΓ also does. In particular, if each clique in Γ either has at
most 3 vertices, has all of its labels at least 6, or is the join of these two types of cliques(the
edges connecting the cliques are all labelled by 2), then AΓ satisfies the Farrell–Jones
Conjecture.
Here by Farrell–Jones Conjecture, we mean the Farrell–Jones Conjecture with finite
wreath products and coefficients in additive categories (which we will abbreviate to FJCw),
see [10, 20, 23] and the references therein for more information. Many Artin groups are
known to satisfy FJCw, for example Artin groups of XXL type [19, Corollary E], Artin
groups of FC-type [17] and some classes of affine Artin groups [24]. There are also many
results regarding Artin groups which have similar flavor, see for example [13, 15, 16]. In
the last section, we extend our results to general Artin groups. In particular, we are able to
prove the following (Corollary 3.3 (c) and (d)).
Theorem C. Let Γ1 ⊆ Γ2 be labelled finite simplicial graphs and AΓ1 , AΓ2 be the corre-
sponding Artin group. If AΓ2 satisfies FJCw, so does AΓ1 . In particular if every Artin group
over a clique satisfies FJCw, then all Artin groups satisfy FJCw.
We were informed that Lorenzo Moreschini has also done some interesting work on
poly-freeness of Artin groups in his Ph.D thesis [22].
Acknowledgements. The author was partially supported by Wolfgang Lu¨ck’s ERC
Advanced Grant KL2MG-interactions (no. 662400) and the DFG Grant under Germany’s
Excellence Strategy - GZ 2047/1, Projekt-ID 390685813. He wants to thank Jingyin Huang
for some stimulating discussions, and Georges Neaime, Shengkui Ye for some helpful
comments.
1. Basics about Artin groups.
We give a quick introduction of Artin groups, see [21] for more information. Given a
finite simplicial graph Γ with edges e ∈ E(Γ) labelled by integers me ≥ 2, the associated
Artin group is
AΓ := 〈V(Γ) | 〈v,w〉
me = 〈w, v〉me for each e ∈ E(Γ)〉
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where v and w are the vertices of e, and 〈v,w〉me denotes the alternating product vwv · · ·
of length me beginning with v. For example 〈v,w〉
3 = vwv. An Artin group is called even
if all edge labels are even. The group is a right-angled Artin group (RAAG) if all edges
are labelled by 2. Despite the simple presentation, Artin groups in general are poorly un-
derstood. For example, the K(π, 1) Conjecture [12, Conjecture 1] predicts that every Artin
group AΓ has a finite classifying space K(AΓ, 1) (equivalently that an explicitly described
space is a K(AΓ, 1)) while in general it is even unknown whether AΓ is torsion-free.
The Coxeter group associated to Γ is the quotient of AΓ by the relations v
2 = 1 for all
v ∈ V(Γ). AΓ is of spherical type if the associated Coxeter groupWΓ is finite.
Given a subset T of V(Γ), we denote by AT (resp. WT ) the subgroup of AΓ (resp. WT )
generated by T , and by ΓT the full subgraph of Γ spanned by T . The group WT is the
Coxeter group of ΓT [8], and AT is the Artin group of ΓT [26]. We say T spans a clique
in Γ if any two elements of T are joined by an edge in Γ. We say that AΓ is of FC-type
if AT is of spherical type for every clique in Γ. Artin group of FC-type are relatively well
understood, for example, the K(π, 1) Conjecture is known [12].
2. even Artin groups
The purpose of this section is to prove our main theorems related to even Artin groups.
The proofs use Bass-Serre theory, see [14, 25] for more information.
We first need the following observation on even Artin groups of FC-type [6, Lemma
3.1].
Lemma 2.1. Let AΓ be an even Artin group. Then AΓ is of FC-type if and only if every
triangular subgraph of Γ has at least two edges labelled with 2.
Our basic strategy to prove that AΓ is normally poly-free is via mapping AΓ to AΓ′ ,
where AΓ′ has the same underline graph and labels as Γ except we change one label to 2.
The following lemma is our key observation.
Lemma 2.2. Let I2n be an edge with label 2n > 0 and AI2n be the corresponding Artin
group. Then the map
R : AI2n → AI2
induced by mapping the vertex generators to the vertex generators is surjective and ker(R)
is a free group.
Proof The map is obviously surjective. The group AI2n has the following presentation:
〈x, y | (xy)n = (yx)n〉
The relation (xy)n = (yx)n can be rewritten as (xy)n = y(xy)ny−1. Thus let a = xy and t = y,
we have a new presentation of AI2n
〈a, t | tant−1 = an〉
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This is just the Baumslag-Solitar group BS (n, n). Now R maps BS (n, n) to the free abelian
group of rank 2
〈x¯, y¯ | x¯y¯ = y¯x¯〉
via mapping a to x¯y¯ and t to y¯. Note that BS (n, n) can be viewed as an HNN extension
of 〈a〉 along the subgroup 〈an〉 via the identity map. By Bass-Serre theory, BS (n, n) acts
on a tree T with vertex stabilizers conjugating to 〈a〉 and edge stabilizers conjugating to
〈an〉 inside BS (n, n). Since R is injective when restricted to 〈a〉. We have Ker(R) acts on T
freely, hence Ker(R) is a free group. 
Remark 2.3. In general when the label is not necessarily even, one can define a similar
map R′ : AIn → 〈a〉 by mapping both of the generators to a. One can show that the kernel
of this map is also free, but we were not able to do much with this map.
With Lemma 2.2, we can already show even Artin groups of spherical type are normally
poly-free.
Lemma 2.4. Let Γ be a clique with all labels even and AΓ be its associated Artin group. If
AΓ is of spherical type, then it is products of Z and Artin groups of type I2n. In particular,
it is normally poly-free.
Proof The lemma follows easily from the classification of Artin groups of spherical type
and Lemma 2.2. We also give a inductive argument here using Lemma 2.1. If all the labels
are 2, we are done. Let I be an edge in Γ whose label is not 2. Let Γ0 be the subgraph of Γ
spanned by vertices in Γ which do not lie in I. Note that Γ0 is again a clique and Γ is the
join of I and Γ0. More importantly by Lemma 2.1, all the edges connecting vertices in I
and Γ0 must have labels 2. Thus AΓ = AI × AΓ0 . the lemma now follows from induction. 
Lemma 2.5. Let {Gi}i∈I be a sequence of poly-free groups of length at most n. Then the
free product ∗i∈IGi is again a poly-free group of length at most n. The same also holds for
normally poly-free groups. Moreover, when I is finite and each Gi is virtually poly-free
(resp. virtually normally poly-free), so does ∗i∈IGi.
Proof We prove the “poly-free” part of the lemma by induction on n, the other part can
be proved similarly. Suppose it is true for n = k, we have each Gi has a normal subgroup
Hi with poly-free length k and Gi/Hi is a free group. Then we have a map from ∗i∈IGi to
∗i∈IGi/Hi which is a free group. Now by Bass-Serre theory ∗i∈IGi acts on a tree with vertex
stabilizers conjugate toGi and edge stabilizers trivial. In particular the kernel as a subgroup
of ∗i∈IGi also acts on this tree. Moreover since the kernel is a normal subgroup of ∗i∈IGi, it
acts on the tree with vertex stabilizers isomorphic to Hi and edge stabilizers trivial. Thus
by Bass-Serre theory, the kernel is a free product of Hi and some free groups. By induction
it is a poly-free group of length k. Hence ∗i∈IGi is a poly-free group of length k + 1. When
Gi is only virtually (normally) poly-free, we can first map ∗i∈IGi to the products ×i∈IGi.
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One can see that the kernel is a free group similarly using Bass-Serre theory. It is straight
forward to check now ×i∈IGi is again virtually (normally) poly-free. 
Lemma 2.6. Let C be a subgroup of A and B andG = A∗C B be the amalgamated product.
Suppose f : G → Q is a map such that f |C is injective. If ker( f |A) and ker( f |B) are free
groups (resp. poly-free group), then ker( f ) is also a free group (resp. poly-free group).
Proof By Bass-Serre theory, G acts on a tree T such that the vertex stabilizers are either
conjugate to A or B and all edge stabilizers are conjugate to C in G. Now ker( f ) as a
subgroup of G also acts on T . For any edge E ∈ T , if its stabilizer is conjugate to C in G,
we have GE = gCg
−1 for some g ∈ G. This implies ker( f ) ∩ GE = (ker( f ) ∩ V)
g since
ker( f ) is a normal subgroup. Now f |E is injective, we have ker( f ) ∩ GE = {1}. For the
same reason, we have ker( f ) ∩Gv is a free group for any vertex v ∈ T . Now this implies
that ker( f ) acts on the tree T with vertex stabilizers free and edge stabilizers trivial. By
Bass-Serre theory, we have ker( f ) is free products of free groups and hence it is free. When
ker( f |B) is a poly-free group of length d, we have ker( f ) is free products of free groups
and poly-free groups of length at most d. By Lemma 2.5, we have ker( f ) is a poly-free
group of length at most d. 
Remark 2.7. Note that Lemma 2.6 also holds for graph of groups as long as f restricted
to each vertex group is injective.
We are now ready to prove the main theorem. We will first give an almost complete
proof using the map in Lemma 2.2.
An almost complete proof of Theorem A. The proof is via induction on the number of
vertices of Γ.Let AΓ be an even Artin group of FC-type, by Lemma 2.5, we can assume Γ is
connected. By Lemma 2.4, we can further assume Γ is not a clique. In particular, we have
a vertex v0 such that the star st(v0) , Γ. In this case, let Γ1 be the subgraph of Γ spanned by
vertices in VΓ \v0, where VΓ is the vertex set of Γ. Now we can write AΓ as an amalgamated
product of groups
AΓ = Ast(v0) ∗Alk (v0) AΓ1
Now if all the edges connecting v0 to the link lk(v0) are labled by 2, we have Ast(v0) =
Z × Alk (v0). We now define a map f from AΓ to AΓ1 by killing v0. Then f |AΓ1 is injective
and f |Ast(v0 ) has kernel 〈v〉. Therefore by Lemma 2.6, ker( f ) is a free group. The result now
follows from induction.
Assume now there is an edge I connecting v0 which is not labelled by 2. We define
Γ′ be the labelled graph obtained from Γ via changing the label of I to 2 and let R be the
corresponding map. Since R |AΓ1 is injective, if the kernel of R restricted to Ast(v0) is free,
by Lemma 2.6, we would have ker( f ) is also a free group. So to prove the theorem, we
just need to show the kernel of R restricted to Ast(v0) is free. Let the other end of I be w0. If
st(w0) ∩ st(v0) , st(v0), then we can split the group st(v0) as an amalgamated product just
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as before. Otherwise suppose that st(w0)∩ st(v0) = st(v0) and let Γ2 be the full subgroup of
st(v0) spanned by vertices other than v0 and w0. Then st(v0) is a join of I and Γ2. Moreover,
by Lemma 2.1, all the edges connecting I and Γ2 must have label 2 since I is not labelled
by 2. Thus Astv0 = AI × AΓ2 and ker(R) ∩ Ast(v0) is a free group by Lemma 2.2. This now
completes the proof via induction.
For the poly-freeness part, the proof is even easier. Assume Γ is not a clique, then we
can find a vertex v0 such that st(v0) , Γ. Just as before we have
AΓ = Ast(v0) ∗Alk (v0) AΓ1
And if all the edges connecting v0 to lk(v0) are labled by 2, the same argument as before
will work. If not, we have the same map R induced by changing one of the labels not 2
to 2. Now by induction Ast(v0) is poly-free and ker( f |Ast(v0)) as its subgroup must also be
poly-free. Hence we can again apply Lemma 2.6 and show AΓ is poly-free. 
Remark 2.8. In general given a short exact sequence of groups 1 → K → G → Q → 1
with K,Q normally poly-free, G is not necessarily also normally poly-free. For example,
one can take K = Z2, Q = Z and G = Z2 ⋊ f Z with f =


2 5
1 3

, then G is poly-free but
not normally poly-free. This is the reason that our reduction here only works for poly-free
groups.
To get the reduction also works for normally poly-free groups, we need a different idea.
Proof of Theorem A. As before, AΓ is an even Artin group of FC-type, we assume Γ is
connected (by Lemma 2.5) but not a clique. We will make use of the following retraction
map that works for any even Artin groups, see for example [5, p.311 Remark (2)].
Observation. Given any subset T of the vertex set V(Γ). Then the inclusion map
AT →֒ AΓ always admits a retraction πT : AΓ → AT which sends v to v if v ∈ T , and sends
w to 1 for w < T .
Just as in the previous proof, we have a vertex v0 such that the star st(v0) , Γ, and
AΓ = Ast(v0) ∗Alk (v0) AΓ1
where Γ1 is the graph spanned by V(Γ) \ v0 in Γ. In particular, we have two retraction
map πst(v0) : AΓ → Ast(v0) and πΓ1 : AΓ → AΓ1 . Now let
π = πst(v0) × πΓ1 : AΓ → Ast(v0) × AΓ1
Since πst(v0) and πΓ1 are retraction maps, we have π restricted to Ast(v0) and AΓ1 are
injective. By Lemma 2.6, we have ker(π) is a free group. Now we only need to show
Ast(v0) and AΓ1 are poly-free groups (resp. normally poly-free groups), but this follows
from induction, Lemma 2.4. 
POLY-FREENESS OF ARTIN GROUPS AND THE FARRELL–JONES CONJECTURE 7
Remark 2.9. Note that if all the cliques are only virtually poly-free (resp. virtually nor-
mally poly-free), our proof here also implies that AΓ is virtually poly-free (resp. virtually
normally poly-free).
Proposition 2.10. Let Γ be a clique with all edge labels even. If Γ has at most 3 vertices
or all labels are at least 6. Then AΓ is virtually a CAT(0) group. In particular, AΓ satisfies
FJCw.
Proof If Γ is a vertex, then it is isomorphic to Z and hence CAT(0). If Γ is an edge, it is
the Baumslag–Solitar group BS (n, n) by the proof of Lemma 2.2 which is also known to
be CAT(0). If Γ is a triangle with labels p ≤ q ≤ r, then it is known to be CAT(0) if p ≥ 4
[9, Theorem 7]. Now assume p = 2, if q = 2, then AΓ  Z × AIr which is again CAT(0).
Now if p = 2 and q ≥ 6 or p = 2, q = 4 and r ≥ 6, they are CAT(0) by [18].
The only exception we have now is (2, 4, 4) which is Commensurable to the triangle
Artin group (3, 3, 3) (see [11, Section 2], in particular Proposition 5 and Proposition 7).
Now the triangle Artin group (3, 3, 3) is known to be CAT(0) [9, Theorem 7], hence the
Artin group (2, 4, 4) is virtually a CAT(0) group.
If AΓ is a clique with all edges labels at least 5, it is CAT(0) by [19]. The fact that
CAT(0) groups satisfy FJCw is proved in [1, 27]. Using [10, Theorem 1.1(1)], we have
virtually CAT(0) groups also satisfy FJCw. 
Proof of Theorem B. Let AΓ be an even Artin group, we can assume Γ is connected
since FJCw is closed under taking free products [10, Theorem 1.1 (2)]. Note that the full
proof of Theorem A provides a sequence of normal subgroups Ai of AΓ
A0 ✂ A1 · · ·✁ An
such that Ai/Ai−1 is free for any i ≤ n − 1 and An is finite products of AT j where each T j is
a clique in Γ. Since we assumed that AT j satisfies the FJCw, the direct products will also
satisfy FJCw [10, Theorem 1.1 (2)]. Since any free-by-cyclic groups satisfies FJCw [10],
the first part of Theorem B now follows from [10, Theorem 1.1 (4)] and induction.
The second part of the theorem now follows from Proposition 2.10. Note that if C is the
join of C1 and C2 with all the edges connecting C1 and C2 are labled by 2, then AC is the
product of AC1 and AC2 .

3. Artin groups in general
We give some further results regarding the poly-freeness of general Artin groups in this
section.
Lemma 3.1. Let Γ1 ⊆ Γ2 be labelled finite simplicial graphs such that Γ2 is obtained from
Γ1 via adding an edge and f : AΓ1 → AΓ2 be the induced map on Artin groups. Then ker( f )
is a free group.
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Proof Let v,w be the vertices of the extra edge e and let Γ0 be the subgraph of Γ spanned
by vertices in VΓ1 \ v, where VΓ1 is the vertex set of Γ1. Then we can write AΓ1 as an
amalgamated product of groups
AΓ1 = Ast(v) ∗Alk (v) AΓ0
Since st(v) and Γ0 are full subgraphs of Γ1, we have f |Ast(v) and f |AΓ0 are injective.
Hence by Lemma 2.6, ker ( f ) is a free group. 
Lemma 3.2. Let Γ1 ⊆ Γ2 be labelled finite simplicial graphs and AΓ1 , AΓ2 be the corre-
sponding Artin group. If AΓ2 is a (virtually) poly free group (resp. normally polyfree), so
does AΓ1 .
Proof Since poly-freeness (resp. normally polyfreeness) passes to subgroups, we can
assume Γ2 have the same number of vertices of Γ1. In fact we can take Γ
′
2
to be the full
subgraph of Γ2 spanned by the vertices of Γ1 and let A
′
Γ2
be the corresponding Artin group.
Then A′
Γ2
is a subgroup of AΓ2 . The lemma now follows from Lemma 3.1 by induction. 
Corollary 3.3. (a) If every Artin group over a clique is (virtually) poly free group
(resp. normally polyfree), then all Artin groups (virtually) poly free group (resp.
normally polyfree).
(b) If every Artin group over a clique is torsion-free, then all Artin groups are torsion-
free.
(c) Let Γ1 ⊆ Γ2 be labelled finite simplicial graphs and AΓ1 , AΓ2 be the corresponding
Artin group. If AΓ2 satisfies FJCw, so does AΓ1 .
(d) If every Artin group over a clique satisfies FJCw, then all Artin groups satisfy
FJCw.
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